An innovative statistical methodology and generic expressions have been developed for the ratio of the dynamic mean excitation to the transmitted mean load under the influence of the important gear characteristics. Simple expressions have been established for identifying cases in which the dynamic mean excitation is more than, less than, or equal to the transmitted mean load.
Introduction
The dynamic excitation generated in a gear influences its fatigue life and durability.
To date, several authors have outlined the relationships between dynamic excitation and gear parameters. Mark ͓1͔ studied the relationships between dynamic excitation and static transmission errors. Remmers ͓2͔ minimized the spectrum of the dynamic excitation for the expected load, speed range, and gear response. Umezawa et al. ͓3͔ investigated the influence of gear dimension parameters on the dynamic excitation for spur gears. Winter et al. ͓4͔ grouped the dynamic excitation of gears into three parts due to kinematical data, face width, and speed and studied the influence of the contact ratio, tooth variation, and profile modification on the first part. Kubo et al. ͓5-7͔ investigated the dynamic excitation of gears as a function of the gear errors, mesh stiffness, and dimensions.
Most of the studies focused on the influence of gear parameters on the total dynamic excitation ͑without making a distinction between the mean and alternating components͒ or on the alternating components of the dynamic excitation. The standard deviation of the dynamic excitation depends on the alternating component of dynamic excitation due to time-varying static transmission error and time-varying stiffness. Alternating components of dynamic excitation, including parametric excitation due to the time-varying mesh stiffness, are important for residual life estimation of gears.
However, fatigue life depends not only on the total dynamic load, but also on the ratio between the alternating and mean loads ͓8͔. Though the mean of the dynamic excitation defines the dynamic mean load and therefore is highly important for practice, i.e., for fatigue life estimation of gears, it has seldom been investigated. In addition, most studies have used a deterministic approach without taking into account the statistical correlation between the mesh stiffness and static transmission error.
The purpose of this paper is to investigate the relationship between the dynamic mean excitation and the transmitted mean load.
Theoretical Analysis
A spur gear pair can be presented using two disks coupled by mesh stiffness and damping. One disk has the radius R 1 and the mass moment of inertia I 1 and the other the radius R 2 and the mass moment of inertia I 2 . The equation for the dynamic transmission error x is as follows ͓2,9͔:
͒ is the equivalent inertia mass; x = R 1 1 − R 2 2 ; 1 and 2 are the gear angular displacements; ͑ ͒Ј = d / dt; c is the equivalent damping coefficient; E͑t͒ is the equivalent time-varying gear error due to manufacturing errors ͑tooth flank deviation, pressure angle error, pitch error, run-out errors, etc.͒, exploitation errors ͑wear, etc͒, and gear profile modification; K͑t͒ is the equivalent time-varying mesh stiffness; F = T 1 / R 1 = T 2 / R 2 ; T 1 and T 2 are the driving and driven torques; and F is the transmitted mean load.
The above equation after transformations can be presented in the form
where E f ͑t͒ = E͑t͒ + F / K͑t͒; E f ͑t͒ is the equivalent time-varying static transmission error at the transmitted load F; the static transmission error E f ͑t͒ consists of the gear error E͑t͒ and the timevarying tooth deflection ͑i.e., F / K͑t͒͒ ͓10,11͔ under the transmitted load; E f ͑t͒ and K͑t͒ are processes with deterministic and random components ͓1,12,13͔ and random initial time; a timevarying behavior of these processes depends significantly on the tooth-number in contact during the mesh period ͓2,3,9,14,15͔; and the static transmission error E f ͑t͒ is related to manufacturing errors through the gear error E͑t͒. To nondimensionalize Eq. ͑1͒, we use the following transformations:
where y is the normalized dynamic transmission error; x 0 is the dynamic transmission error under the characteristic mean load ͑i.e., baseload͒ F 0 , i.e., x 0 = F 0 / K ; K is the average stiffness; t 1 is the nondimensional time; and nd is the circular equivalent natural
The baseload is the transmitted mean load for which gear profile is modified. For example, for long relief profile modification the baseload is equal to the design transmitted mean load ͓16,17͔.
The nondimensional equation is obtained from Eqs. ͑1͒ and ͑2͒:
where ͑˙͒ = d / dt 1 ; is the damping ratio, = c /2 ͱ K m; k͑t 1 ͒ is the normalized stiffness, k͑t 1 ͒ = K͑t 1 ͒ / K ; e f ͑t 1 ͒ is the normalized static transmission error, e f ͑t 1 ͒ = E f ͑t 1 ͒ / x 0 ; e͑t 1 ͒ is the normalized gear error; and e͑t͒ = E͑t͒ / x 0 . The dynamic mean excitation is the mean of the total dynamic excitation acting during the mesh cycle on the meshing pair. We take into account that the parametric excitation ͑i.e., excitation due to the time-varying mesh stiffness in the left-hand side of Eq. ͑1͒͒ is essential ͓18͔ only on parametric resonance ͑i.e., at 0.5 nd ͒. This excitation for the commonly used rectangular mesh stiffness defines ͓18͔ the damped periodic dynamic transmission error. This damped transmission error is decreasing in time in the "stable" region. Therefore, the dynamic mean excitation is the mean of the right side of Eq. ͑1͒ ͓5,19͔.
To estimate the relationship between the dynamic mean excitation and the transmitted mean load, we define the mean excitation ratio R:
where L d and L t are the normalized dynamic mean excitation and the normalized transmitted mean load.
The difference between the mean excitation ratio and the dynamic load factor ͓20-22͔ is in the numerator: we use the dynamic mean excitation. The normalized dynamic mean excitation is the mean of the normalized total dynamic excitation, i.e., the mean of the right side of Eq. ͑3͒:
where m 1 is a mean symbol; r ke is the normalized crosscorrelation coefficient between the processes k͑t 1 ͒ and e f ͑t 1 ͒; and d k and d e are the standard deviations of the processes k͑t 1 ͒ and e f ͑t 1 ͒.
The normalized transmitted mean load is the ratio of the transmitted mean load to the baseload:
Using Eqs. ͑5͒ and ͑6͒, the ratio R can be cast in the form
Examining Eq. ͑7͒, we notice that the ratio R depends on the means and standard deviations of the normalized time-varying mesh stiffness and static transmission error, the ratio of the transmitted mean load to the characteristic mean load, the damping ratio, the mean of the derivative of the normalized gear error, and the normalized cross-correlation coefficient between mesh stiffness and the static transmission error. This coefficient characterizes the statistical dynamic interaction between these functions. Using the novel methodology ͓23͔, we can estimate this coefficient for arbitrary time-varying functions k͑t 1 ͒ and e f ͑t 1 ͒. Equation ͑7͒ is innovative; it takes into account the significant gear functions: ratios a and and deterministic and random components of the processes k͑t 1 ͒, e f ͑t 1 ͒, and e͑t 1 ͒. The factors that control the ratio R are the • nonzero multiplication of the means of the normalized mesh stiffness and static transmission error • cross-correlation coefficient between the normalized mesh stiffness and static transmission error • mean of the derivative of the normalized gear error
• the normalized transmitted mean load
We utilize a commonly used ͓9,14,19,24-27͔ assumption:
where K ͑t͒ is the alternating part of the stiffness K͑t͒, m 1 ͑K ͒ =0. Inserting Eq. ͑8͒ into Eq. ͑7͒ yields
where ⌬m 1 ͑e f ͒ = m 1 ͑e f ͒ − a; ⌬m͑e f 1 ͒ is the difference between the mean of the normalized static transmission error and the normalized mean tooth deflection under the transmitted load ͓2͔.
Note that for the ideal case when e͑t͒ = ͑0͒, e.g., for errorless gears ͑precision gears without exploitation errors͒ and uncorrected gears ͑without profile modification͒, the mean excitation ratio is equal unity.
The variable term of Eq. ͑9͒,
is generally nonzero ͓9,14-16,24͔. When term ͑10͒ is zero, the ratio R is unity, i.e., the dynamic mean excitation will equal the transmitted mean load. This situation will happen in the following cases:
• The factors in the numerator of ͑9͒ are so small or the factor in the denominator is so big that the term ͑10͒ can be neglected.
• The factors in the numerator are equal to zero.
• The factors in the numerator compensate for each other:
When we neglect ͓24͔ the difference ⌬m͑e f 1 ͒ and the multiplication 2m 1 ͑ė͒, the ratio R takes the simpler form:
Now, we analyze the ratio R for gears with the profile modification and long relief ͓16,17͔. For these gears, the design mean load is used as the baseload. The deterministic normalized and dimensional static transmission errors ͑Harris maps͒ and mesh stiffness with nonzero means are presented in the classic papers ͓9,15͔ and in Refs. ͓2,14,16,17͔ for various transmitted loads. Considering these curves for various transmitted loads ͓2,12,15-17͔ and taking into account the number of tooth-pairs in contact during the mesh period, we notice that when the transmitted load is
• more than the design load, the mesh stiffness and the static transmission error are off phase and the normalized crosscorrelation coefficient is less than zero:
• less than the design load, the Harris time histories of the static transmission error change the phase with respect to the number of tooth-pairs in contact; the mesh stiffness does not change the phase with respect to the number of tooth-pairs in contact; therefore the mesh stiffness and the static transmission error are in phase ͓9͔ and the cross-correlation coefficient is more than zero:
Using Eqs. ͑7͒, ͑12͒, and ͑13͒, and taking into account that d k Ͼ 0, d e Ͼ 0, we find that when the transmitted mean load
• is more than the design mean load, the cross correlation between the mesh stiffness and the static transmission error leads to a decrease in the ratio R • is less than the design mean load, the cross correlation between the mesh stiffness and the static transmission error leads to an increase in the ratio R • equals the design mean load, the cross-correlation coefficient, r ke , the deviation, d e , the difference, ⌬m 1 ͑e f ͒, and the mean of the derivative of the normalized gear error, m 1 ͑ė͒, all equal zero, provided that ideal profile modification exists ͓2,16,17͔; in this case, Eq. ͑7͒ yields R = 1, e.g., the dynamic mean excitation equal to the transmitted mean load.
Using the simplified Eq. ͑11͒ we obtain that if the transmitted mean load is
• more than the design mean load, i.e., overload, then the inequality ͑12͒ is valid, and the dynamic mean excitation is less than the transmitted mean load • less than the design mean load, i.e., underload, then the inequality ͑13͒ is valid and the dynamic mean excitation is more than the transmitted mean load Thus, the underload produces a greater mean excitation ratio than the overload. Equation ͑9͒ yields the following criteria:
• if ⌬m 1 ͑e f ͒ + r ke d k d e +2m 1 ͑ė͒ Ͼ 0, then the dynamic mean excitation is more than the transmitted mean load • if ⌬m 1 ͑e f ͒ + r ke d k d e +2m 1 ͑ė͒ Ͻ 0, then the dynamic mean excitation is less than the transmitted mean load These criteria can be used for influence analysis of the gear parameters on the dynamic mean excitation and the ratio R. Now we utilize a commonly used ͓14,19,24-26͔ assumption:
Inserting Eq. ͑14͒ into Eq. ͑9͒ yields the simpler form of the mean excitation ratio:
Examples
We have run two numerical examples using, without loss of the generality, deterministic components of the functions K͑t͒ and E f ͑t͒ and Eq. ͑8͒. Using Eq. ͑2͒ and the mesh stiffness of Ref. ͓26͔, we identify the primary harmonic component of k͑t 1 ͒ in the form
where is the ratio of the meshing frequency to the natural frequency of the gear pair, n is an integer, n ഛഛn + 1. The variance of the stiffness ͑16͒ can be presented in the form
͑17͒
Using Eqs. ͑16͒ and ͑17͒, the normalized static transmission errors from Ref. ͓15͔, and work ͓28͔ we obtain, after transformations, d kc = 0.3, and
• for a = 0.25:
Then, Eq. ͑15͒ yields R = 1.2 and R = 1.05 for a = 0.25 and a = 0.75, respectively. This indicates that the dynamic mean excitation is more than the transmitted load. In addition, we notice that the ratio R increases when the ratio a decreases in the range ͓1,0͔. This is due to two tendencies which are valid for long relief: ͑a͒ the increase of the standard deviation of the static error ͓2,9,15-17͔ and ͑b͒ the increase of the cross-correlation coefficient with the decrease of the ratio a. Hence, we conclude that, in this case, the main factors that make the ratio R depart from unity are
• the correlation between the time-varying mesh stiffness and the static transmission error for a = 0.25 • the difference between the mean of the normalized static transmission error and the mean normalized tooth deflection under the transmitted load for a = 0.75
Case 2
• rectangular mesh stiffness ͓9,26͔
• contact ratio = 1.5
• a = 1.5
The normalized static transmission error is rectangular for long relief and "ideal profile modification" ͓2,16͔. Using the rectangular mesh stiffness of Ref. ͓26͔ and Eq. ͑2͒, we can obtain, after transformations, the normalized mesh stiffness ͑Fig. 1͒. The variance of k͑t 1 ͒ can be written in the form
Using Eq. ͑18͒, the normalized stiffness ͑Fig. 1͒, the normalized static transmission errors from Ref. ͓2͔, and the work ͓28͔, we obtain m 1 ͑e f ͒ = 0.92a, ⌬m 1 ͑e f ͒ = −0.08a, r ke = −1, d kr = 0.3, and d e = 0.08a. With these values, Eq. ͑15͒ yields R = 0.9, e.g., the dynamic mean excitation is less than the transmitted mean load. Hence, we conclude that in this case the main factor that makes the ratio R depart from unity is the difference between the mean of the normalized static transmission error and the mean normalized tooth deflection under transmitted load.
Conclusions
1. We have developed an innovative statistical methodology and generic expressions for the ratio of the dynamic mean excitation to the transmitted mean load under the influence of the following important gear characteristics:
• mean and the standard deviation of the mesh stiffness Transactions of the ASME
• mean and the standard deviation the static transmission error • mean of the transmitted load • mean of the derivative of the gear error • cross-correlation coefficient between the mesh stiffness and the static transmission error This cross-correlation characterizes the statistical dynamic interaction between the mesh stiffness and the static transmission error. The difference between the dynamic mean excitation and the transmitted mean load is controlled by the following factors:
• the difference between the mean of the normalized static transmission error and the mean of the normalized tooth deflection under the transmitted load • the cross correlation between the normalized mesh stiffness and the static transmission error • the normalized transmitted mean load • the mean of the derivative of the normalized gear error 2. Simple expressions have been established for identifying cases in which the dynamic mean excitation is more than, less than, or equal to the transmitted mean load.
3. For gears with the profile modification and long relief, it was found that when the transmitted mean load
• is more than the design mean load, the statistical correlation between the mesh stiffness and the static transmission error leads to a decrease in the mean excitation ratio ͑4͒ • is less than the design mean load, the statistical correlation between the mesh stiffness and the static transmission error leads to an increase in the mean excitation ratio ͑4͒ • equals the design mean load and ideal profile modification applies, the dynamic mean excitation equals the transmitted mean load Thus, the underload produces a greater mean excitation ratio than the overload. 4. Numerical examples match with the theoretical results. We have shown that when the transmitted mean load is • more than the design mean load, the dynamic mean excitation is less than the transmitted mean load • less than the design mean load, the dynamic mean excitation is more than the transmitted mean load It was shown that the dynamic mean excitation could be up to 20% more than 10% less than the transmitted mean load. These results are practically important for residual life estimation of gears.
